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Abstract
The lateral torsional buckling resistance of a beam depends on the support conditions. In
structures for buildings, coped beams are often used. A numerical model is developed to investigate
the influence of copes on the lateral buckling resistance. The model was verified with laboratory
tests. This paper describes the background of the numerical model, the test program and the results
of the validation. In a companion paper [Maljaars J, Stark JWB, Steenbergen HMGM, Abspoel
R. Lateral–torsional buckling resistance of coped beams. Journal of Constructional Steel Research
2005;61(11):1559–75], the results of a parameter study are presented.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
In some beam-to-beam connections, a part of the web and upper flange of the secondary
beam is removed in order to level the upper sides of the main and secondary beam. The
secondary beam is then called a coped beam and the removed part is called a cope.
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Fig. 1. Coped connections with long or short endplates.

(a) Cope.

(b) Short endplate.

Fig. 2. Deformations in case of a cope or a short endplate (deformations are exaggerated).

This research concentrates on coped beams connected with endplates to the main beam.
Distinction is made between endplates welded to the complete height of the beam end
(long endplate) and endplates welded to a part of the web only, leaving the bottom flange
unsupported (short endplate), Fig. 1.
Secondary beams supported by main beams are usually assumed to be simply supported,
i.e. the rotation about the longitudinally axis is restrained but rotations about the strong
and weak axes and warping are free to occur. This assumption is followed in the current
research.
A beam loaded in bending about the strong axis is subjected to lateral–torsional
buckling. A cope may adversely affect the lateral–torsional buckling stability of the beam
due to greater torsional flexibility of the coped region (Fig. 2(a)). In addition, if short
endplates are used, local deformation of the web may occur, causing the end of the section
to rotate about the longitudinal axis (Fig. 2(b)). This may also result in reduction of the
buckling load.
Codes for steel structures and handbooks on stability give verification methods for
lateral–torsional buckling of beams with supports that prevent deformation of the web.
Coped beams and beams with short endplates are usually not within the scope of these
verification methods.
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In the current study, a numerical model for coped I- or H-section beams was developed
in the finite element program DIANA. The simulations carried out with this geometrically
and physically nonlinear numerical model were checked with full-scale tests. This paper
describes both the numerical model and the tests. It might be used as an example for studies
on other stability problems. In a companion paper [1] the results of a parameter study are
given together with design rules for use in practice.
2. Differences with other research projects
Buckling of coped beams has been the subject of many research projects. du Plessis [2],
Lindner and Gietzelt [3], Cheng et al. [4], Lam et al. [5] and Abspoel and Stark [6,7] studied
the elastic critical (Euler) buckling load of coped beams using a numerical model. Gupta [8]
derived an analytical model by using assumed deformations to obtain approximate elastic
critical buckling loads. From the results of the research projects it follows that copes
reduce the elastic critical buckling load. This reduction, which is significant for large
cope dimensions, large height over web thickness ratios and large height over span
ratios, has been quantified in most of these research projects. The current research not
only concentrated on the influence of the cope on the elastic critical buckling load, but
also on the buckling resistance (including influences of plasticity, residual stresses, large
displacements and initial geometric imperfections). For this purpose, a geometrical and
physical nonlinear model was developed.
Numerical models used in the current research and those used in previous research
projects consisted of shell elements. Because these elements do not have a volume,
the geometric properties of the cross-section of the model do not perfectly correspond
with the geometric properties of the real section. This difference is significant for the
torsional constant, which is an important parameter for lateral torsional bucking. In the
current study, the model was adapted in such a way that the geometric properties of
the model corresponded better with the real geometric properties. This resulted in better
determination of elastic critical buckling loads and resistances of real sections.
du Plessis [2], Cheng and Yura [9], and Lindner [10–14] carried out full-scale tests
on coped beams for determination of the buckling resistance. These tests were carried
out with connections to main beams as applied in practice, resulting in partial restraints to
rotation about the weak and strong axes of the beam supports. Because the numerical model
was developed for simply supported beams, the tests in the current research were also
carried out with simple support conditions. Initial geometric imperfections were measured
carefully, so that they could be introduced in the numerical models.
3. Description of tests
The tests in the current research were carried out in such a way that they approach pure
lateral–torsional buckling. This resulted in the following requirements for the test set-up:
• The load should be conservative, i.e. it should follow the buckled beam while the workline remains vertical and the application point on the beam does not change;
• Rotation of the endplates about the strong and weak axes and translation in longitudinal
direction should be free to occur;
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Fig. 3. Overview of test set-up.

Fig. 4. Static system of the tests.

• At the supports translations in strong and weak directions and rotation about the
longitudinal axis should be restrained;
• Friction in the load application and in the supports should be minimized to such an
extent that the influence on lateral–torsional buckling is negligible.
Geometrical and physical properties of the test specimens were measured. The
measured properties include:
•
•
•
•

Dimensions of the cross-section;
Material properties;
Initial imperfections on the out-of-straightness and torsion of the beam;
Initial imperfection on the load application point.

In this way, it is possible to simulate the tests as accurately as possible with numerical
models.
Ten laterally unsupported standard European IPE120 beams with a span of 2 m and a
concentrated load at midspan were tested. The test specimens include coped and uncoped
beams with short and long endplates. Because of the relatively short span (h/l ≈ 1/17) a
significant influence of copes on the buckling resistance is to be expected. An overview of
the test set-up is given in Fig. 3.
3.1. Support conditions
At midspan, the displacement in longitudinal direction was prevented by fixing the
work-line of the load in the longitudinal direction. In order to prevent normal reaction
forces, both supports are rolls. The static system is according to Fig. 4.
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Fig. 5. Cardan support.

Fig. 6. End conditions of reference beams.

The endplates welded to the test beam were part of the test model. The structures that
support these endplates, however, were part of the test set-up. For accurate testing, these
structures have to support the endplates such that the endplates are restrained to rotation
about the longitudinal axis and to lateral and vertical translations, but are free to rotate
about the strong and weak axes (simple support conditions). A cardan construction with a
horizontal and a vertical axis is developed to approach these support conditions (Fig. 5).
The endplate was bolted to the central plate of this cardan.
Two beams were tested that were aimed to approach the behaviour of beams with a
uniform cross-section along the span and with supports that prevent web deformation, but
allow free warping. These support conditions are referred to as fork supports (Fig. 6(a)).
In the set-up, fork conditions were approached by welding an endplate to the section that
covers the web but not the flanges of the section (Fig. 6(b)). The endplates were not welded
to the flanges, as this may introduce restraint to warping.
3.2. Load introduction
The beams were loaded by a concentrated load applied at midspan. The height of load
application influences the elastic critical buckling load. Verification rules in codes for
beams with uniform cross-sections are derived for load application in the section centroid
and in the centres of the flanges. In this research, loads were applied in the centre of the
upper flange.
An actuator introduced the load via a load adjuster. This load adjuster keeps the workline of the load parallel to the original work-line in deformed shape of the beam (Fig. 7).
The load was transferred from the actuator to the specimen by a spherical bearing. The
radius of this bearing determines the height of the load application, as illustrated in Fig. 8.
Ideally this bearing should be frictionless but practically this could not be realized. Separate
tests were carried out to determine the coefficient of friction. This coefficient turned out
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Fig. 7. Load introduction by an actuator and a load adjuster.

Fig. 8. Spherical bearing.

not to be constant, but varied in the tests. A coefficient of friction was measured ranging
from 0.4% to 0.7%.
3.3. Geometry of the cross-section
At seven places along the span of each specimen, web and flange thickness, web height,
root radii at the intersection between web and flanges, width of both flanges and the angles
between web and flanges were measured. Also, cope depth, cope length, span and endplate
position and height were measured.
3.4. Material properties
The yield strength and ultimate tensile strength of the web and the flanges were
determined with coupon tests after the buckling tests were carried out. These coupon tests
were taken from parts of the tested beams in which yielding was neither detected nor
expected (Fig. 9). The yield strength and ultimate tensile strength were assumed to be
constant along the span. The modulus of elasticity and Poisson ratio were not measured,
but assumed to be 206 000 N/mm2 and 0.3, respectively.
3.5. Initial imperfections
3.5.1. Residual stresses
Residual stresses potentially influence the buckling resistance; however, they are
difficult to measure accurately. The influence of residual stresses on the buckling resistance
of the specimen was determined in a numerical sensitivity analysis. For this purpose,
buckling resistances were determined for all beams in the test program with an assumed
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Fig. 9. Places where the yield strength was determined.

Fig. 10. Residual normal stresses applied in the numerical model.

residual stress pattern according to Fig. 10. This residual stress pattern is according to the
Dutch code NEN 6771 [15]. The maximum initial stress (σini ) was varied as 27%, 30%
and 33% of the yield strength. This variation in maximum initial stress resulted in less than
0.5% variation in the buckling resistance. This indicates that the sensitivity to variations in
residual stresses for the beams considered was small.
The actual residual stresses of the specimens were not measured. Instead, the residual
stress pattern according to Fig. 10, with a maximum initial stress (σini ) equal to 30% of the
yield stress, was applied.
3.5.2. Initial geometric imperfections
For measuring the out-of-straightness imperfections, a special reference beam was
fabricated. This reference beam had seven cross-sections with nominal dimensions along
its span, positioned exactly straight in between the beam-ends. This reference beam was
produced by taking a rolled beam and welding extra material at the seven cross-sections.
The beam was subsequently milled to nominal dimensions.
Lateral and vertical positions and angle about the longitudinal axis of the seven crosssections of all specimens were measured in relation to this straight reference beam
(Fig. 11).
4. Description of numerical models
Numerical models were developed for the tested beams described in Section 3. With
these numerical models, the tests were simulated.
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Fig. 11. Measuring initial geometric imperfections by comparison with a straight beam (not on scale).

Fig. 12. Model with short endplate (half girder, deformations are exaggerated).

Fig. 12 gives the deformed shape of a simulation of a half beam with short endplates.
Fig. 13 gives the deformed shape of a simulation of a half coped beam with short endplates.
It should be noted that the endplates were not modelled as shown, but are displayed in the
figures for reference. Different greyscales in the figures indicate the rotation about the
longitudinal axis of the beam.
It is shown that the deformations in the simulation of a short, coped beam concentrate in
the coped region, while deformations of the simulation of a specimen with endplates occur
in the entire beam. For both types of beam, the largest local distortions of the mesh occur
in the web at the edges of the endplates. At these locations a denser mesh was applied.
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Fig. 13. Model with cope and short endplate (half girder, deformations are exaggerated).

Fig. 14. Geometry of the cross-section of a real section (left-hand) and model with shell elements (right-hand).

4.1. Elements
For the numerical models eight-node shell elements were used to represent the web and
the flanges. As shell elements do not have a volume, the section roots at the intersection
between web and flanges could not be modelled exactly (Fig. 14). This results in a
difference in cross-sectional properties between the real section and the numerical model.
This difference is particularly significant in case of the torsional constant, which may be
up to 30% for standard European IPE sections. Less significant differences in the torsional
constant occur at the flange tips, where end effects are not taken into account in the
numerical model.
In order to model the cross-sectional properties more properly, extra elements were
added to the model in the intersection of web and flange. The extra beam elements
were given such geometric properties that the geometric properties of the real section
corresponded to that of the model. End effects at the flange tips were thus modelled
by beam elements in the section roots. It was expected that this simplification does not
significantly influence the buckling load.
The addition of elastic beam elements resulted in elastic critical buckling loads that
correspond to the theory for lateral–torsional buckling of a simply supported beam loaded
by a uniform moment. However, nonlinear analyses resulted in numerical instability and
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Fig. 15. Influence of modelling of the specimen roots on buckling.

Fig. 16. Endplates in tests (left-hand panel) and numerical modelling (right-hand panel).

an unexpected relation between the load and the lateral displacement, when compared to a
model without roots (Fig. 15). This is caused by the absence of a plastic range for torsion
of the elastic beam elements. Therefore, the torsional properties of the section roots minus
end effects at the flanges were represented in the model by rotation spring elements with
an elastic stiffness and a plastic limit. A model consisting of shell elements for web and
flanges, rotation springs for torsional properties of the roots and elastic beam elements for
other properties of the roots results in buckling behaviour that corresponds well with a
model without roots (Fig. 15).
4.2. Support conditions
In Section 3.1 it is explained that the endplates are part of the specimen. They are
therefore also implemented in the numerical model. The endplates are represented by
elastic beam elements along the web and, in case of long endplates, also along the lower
flange. A beam element in the longitudinal direction represents the endplate thickness
(Figs. 16 and 17).
The following stiffness properties are given to the beam elements:
• The torsional constant and the bending stiffness of the beam element along the web
were taken equal to the stiffness to torsion, respectively the stiffness to bending, of the
endplate. The endplate is so stiff for shear deformation that it functions as a full restraint
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Fig. 17. Long end plate (left-hand panel) and short end plate (right-hand panel).

to in-plane deformation. The exact value of the bending stiffness for bending about the
x-axis is therefore not important. This bending stiffness was taken equal to 107 mm4 .
• The flanges are relatively stiff, so deformation of the ends of the flanges was not
detected. The bending stiffness about the z-axis of the beam element along the flange, to
represent a long endplate, is therefore not important and is taken equal to 5 × 104 mm4.
The same arbitrary value was used for the torsional constant of this beam element. For
bending about the x-axis of the flanges, the endplate is so stiff that it functions as a
full restraint. The exact value of the bending stiffness for bending about the x-axis is
therefore not important. This bending stiffness was taken equal to 107 mm4 .
• The beam element in x-direction representing the endplate thickness should be so stiff to
bending in all directions that it does not deform. The bending stiffness in both directions
of this beam element was taken equal to 5 × 108 mm4 ; the torsional constant was
5 × 107 mm4 . The end of this beam element is restrained against translations in strong
and weak directions and rotation about the longitudinal axis, in order to model simple
support conditions.
4.3. Geometry
The dimensions of the cross-section of the specimens varied only marginally along
the span but differed significantly from nominal dimensions and between specimens.
Therefore, the average values of the dimensions along the span as measured for each
specimen were used in the numerical model of each beam.
Initial geometric imperfections and pre-buckling deflections influence the buckling
resistance of a beam. In geometrically nonlinear analyses with the numerical model, the
influence of these imperfections and deflections is implicitly taken into account.
The initial shapes of the test beams, and therefore also the buckling modes, were not
symmetrical about midspan. Therefore, the total beam should be modelled. However, in
simulations it was found that the place of the amplitude of the initial imperfection had no
significant influence on the buckling resistance. Beams with different initial imperfections
as shown in Fig. 18 thus have approximately equal buckling resistances if the amplitudes
of these imperfections are equal. On this basis it was possible to model a symmetrical
imperfection. As the first elastic critical buckling mode is in this case also symmetric and
the magnitudes of the second and higher elastic critical buckling loads are much higher
than the first, it is possible to model only half a beam (Fig. 19). This has the advantage that
it saves calculation time in the parameter study.
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Fig. 18. Beams with different locations of the amplitude of the initial geometrical imperfection.

Fig. 19. Model of a half beam.

Ad midspan, boundary conditions for symmetry are applied, i.e. translation in the
longitudinal direction and rotations about the weak and strong axes were restrained of
all nodes in the cross-section at midspan.
4.4. Material properties
The material properties as given in Section 3.4 were applied in the numerical models.
The entire stress–strain relation, including strain hardening, was modelled. As stated in
Section 3.5, the residual stresses were not measured. The residual stress pattern according
to Fig. 10 with a maximum equal to σini = 0.3 × 235 N/mm2 was applied.
5. Validation of the numerical model and comparison with the tests
The numerical models were validated in four steps. First, deformations of the coped
region and the elastic critical buckling load of a prismatic beam were compared with
analytical solutions. Second, the buckling resistances of prismatic beams determined with
the numerical model were checked with the buckling resistances according to the European
code for steel structures, EN 1993-1-1 [16]. Third, the results were checked with the
outcomes of other numerical models. The final step consisted of a comparison with the
tests. The steps are explained in the following sections.
5.1. Step 1: Validation with analytical models
The elastic critical buckling load for a girder in bending was analytically derived for a
simply supported prismatic beam loaded by a uniform moment (Fig. 20). Three models of
such beams were made: one of a stocky beam for which restrained warping is dominant for
lateral–torsional buckling resistance, one of a slender beam for which torsion is dominant,
and one of a beam for which the contribution of torsion and restrained warping to the
lateral–torsional buckling resistance are approximately equal.
The elastic critical buckling load of the stocky beam determined with the finite element
model was 2.1% lower than the elastic critical buckling load according to the analytical
solution, among others given by Timoshenko and Gere [17]. The difference in the case of
the other beams was lower. The difference between the analytical solution and numerical
results is possibly caused by local deformations at places with a negative normal stress.
This is taken into account in the DIANA calculation, but not in the analytical model.
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Fig. 20. First validation step: uniform moment.

Fig. 21. First validation step: T-section.

Additionally a short T-section, representing the cope region, is loaded in torsion
(Fig. 21). The finite element calculation resulted in a rotation that is 0.8% lower than the
rotation according to the analytical solution.
From the results of the first validation step it was concluded that warping and torsion
were sufficient accurately described in the finite element model, and that simple supports
were modelled properly.
5.2. Step 2: Buckling resistance compared to the code
The European code that gives general rules for steel structures, EN 1993-1-1 [16], gives
a method to determine the ultimate buckling resistance. Buckling curves are given which
give the relation between the ratio of the ultimate buckling resistance (Mb,Rd ) divided
by the capacity of the cross-section (W y · f y ) and the square root of the ratio between
the capacity of the cross-section (W y · f y ) and the elastic critical buckling load (Mcr ),
Fig. 22. Pre-buckling deflections are not taken into account in the determination of the
elastic critical buckling load. The curves take into account the influence of geometric
imperfections and residual stresses on the ultimate buckling resistance. The code specifies
that curve ‘a’ should be applied for rolled sections with beam depth/width ratios smaller
than or equal to 2 and that curve ‘b’ should be applied for rolled sections with beam
depth/width ratios larger than 2. IPE 160 sections are in the first category, so curve ‘a’
should be applied for these sections, while curve ‘b’ should be applied for IPE 500 sections.
It is noted that these design curves in the code are approximations by nature.
Numerical models are made of prismatic IPE 160 and 500 beams with various spans,
loaded by a uniformly distributed load at midspan. The dots in Fig. 21 represent the results
of analyses with these numerical models. It is shown that the numerically determined
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Fig. 22. Relation between Mcr , W y · f y and Mb,Rd .

resistances of IPE 160 beams correspond to buckling curve ‘a’, and that the resistances
of IPE 500 beams correspond to buckling curve ‘b’.
5.3. Step 3: Comparison with results of other numerical models
For the third validation step, two different numerical models were selected:
(1) The results of the models in the current study were compared to the buckling
resistances determined by Greiner et al. [18]. Results were compared for a relatively
slender and a relatively stocky beam loaded by a constant moment, a uniformly
distributed load, and a concentrated load at mid-span. In all cases, the elastic critical
buckling loads obtained by the models were equal. In case of constant moment, the
lateral–torsional buckling resistance is equal as well. However, in case of loading by a
concentrated load or a uniformly distributed load, the model used in this study resulted
in a resistance up to 10% and up to 6% lower than given in Greiner. These differences
are attributed to the use of other elements in the models. Loading by a uniformly
distributed load or a concentrated load results in shear stresses and shear deformations.
Local (web) deformations can be larger than in case of a constant moment loading.
These effects are taken into account in the models used in the current research, but
possibly not in the elements used in the models in Greiner. A coped beam has no
uniform cross-section along its span and it is therefore not possible to model a coped
beam with the elements used by Greiner.
(2) For further verification, a second model was developed in the current research,
consisting of solid elements. Results were again compared for a relatively slender and
a relatively stocky beam loaded by a constant moment, a uniformly distributed load,
and a concentrated load at mid-span. The differences between the shell element models
and the solid element models were small: 0.5% difference in the critical elastic buckling
load and 2.2% difference in buckling resistance.
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Fig. 23. Relation between increase in resistance and friction for beam A4.

5.4. Step 4: Comparison with tests
The buckling resistances of the tests described in Section 3 were compared to the
numerically determined buckling resistances. As stated in Section 3, it was not possible
to produce a bearing without friction for the load application in the tests. The coefficient
of friction of this bearing was measured in separate tests. This coefficient of friction varied
between the tests and ranged from 0.4% to 0.7%.
To determine the influence of this friction on the buckling resistance, a numerical
sensitivity analysis was carried out for one of the beams (A4). Friction in the bearing
was taken into account in the numerical model by adding a rotation spring element in
the longitudinal direction to the node in which the load was applied. The rotation spring
element had a high elastic stiffness and a plastic level that was varied. In Fig. 23 the relation
is given between the coefficient of friction (plastic level of the rotation spring) and the
ultimate buckling resistance of the beam.
The influence of friction on the ultimate buckling resistance is evident and cannot be
neglected in the validation.
The measured resistances in the tests are compared to the numerically determined
resistances in Table 1. The end conditions of the beams are indicated in the first and second
columns of the table. The numerically determined slenderness (λ LT ) of the beams is listed
in the third column. This slenderness is the root of the (numerically determined) capacity
of the cross-section divided by the elastic critical buckling load. The fourth column
gives buckling resistances determined in the tests (Ftest ). The numerically determined
resistances (Fnum ) with friction magnitude equal to the maximum and minimum values of
the measured friction are listed in columns five and six, respectively. The relation in Fig. 22
was used to determine these resistances. Using this relation, it is also possible to determine
the coefficient of friction, for which the numerically determined capacity is equal to the
measured capacity in the tests. This value of the coefficient of friction (Cfnum ) is given in
the seventh column.
The values of the coefficient of friction in column seven are within the measured
bandwidth of the measurements on this coefficient of friction. Only for beam B1, the
coefficient of friction in column seven is slightly higher than the range of friction measured.
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Table 1
Buckling loads of the tests
λLT

Ftest (kN)

Fnum
(Cf = 0.004)
(kN)

A1 (fork support)a

0.95

34.3

a

A2 (fork support)

0.95

35.7

A3 (90 mm endplate)

0.96

A4 (60 mm endplate)

Beam number

Connection

Fnum
(Cf = 0.007)
(kN)

Cfnum

35.0

40.4

0.0043

34.1

32.6

37.6

0.0047

1.15

36.2

31.3

36.2

0.0070

B1 (coped, long endplate)

0.92

31.2

26.0

30.0

0.0092

B2 (coped, long endplate)

0.95

28.4

27.0

31.2

0.0047

B3 (coped, short endplate)b

0.99

b

26.0

B4 (coped, short endplate)

0.96

25.1

23.4

27.1

0.0050

a Imperfections of this beam were not measured correctly, so no numerical model was made.
b This test failed because of problems with load introduction.

This is possibly caused by inaccurate measurements during the tests, or in the geometric
or material properties.
However, the bandwidth of this friction results in a considerable dispersion of capacities.
This comparison with tests thus provides an indication that the numerical models give
accurate resistances. An exact validation was not possible.
6. Conclusions and recommendations
Tests carried out and simulations with numerical models confirm that the ultimate
buckling resistance is reduced when copes are applied.
Apart from load introduction by the spherical bearing, the developed test set-up is suited
to studying lateral–torsional buckling of beams with various connections.

1592

J. Maljaars et al. / Journal of Constructional Steel Research 61 (2005) 1576–1593

Because of friction in this spherical bearing, exact validation of the numerical models
by the tests was not possible. However, other validation steps carried out were satisfactory
and it is therefore expected that lateral–torsional buckling of I- and T-sections is described
properly by the developed numerical model.
A relatively small lateral support by friction of the load introduction causes a relatively
high increase in resistance. Loads applied in practice normally give much more support to
the beam than the spherical bearing used in this research. Beams with these load conditions
might therefore have a considerably higher resistance than the design resistance according
to codes.
Based on the results of this research project, the following recommendations for future
research are given:
• To develop load introduction systems that cause less friction than the spherical bearing
used. For example, a knife or pin support may introduce less friction. With this new
load introduction system, beam spans other than 2 m should be tested.
• To apply four concentrated loads at a representative range of beams in order to simulate
a uniformly distributed load.
• To study lateral support of loads applied in practice and the effect of such supports on
the beam resistance.
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